Reality Math

Dot Sulock, University of North Carolina at Asheville

One-Way Chi-Square
1.  A Fair Coin?

Toshiko has a coin that comes up “heads” a lot!  You want to decide whether the coin is somehow weighted so that it systematically lands on “heads” more than on “tails.”   Fortunately you took a Statistics class in high school and learned some Chi-Square statistics.
Assume that Toshiko’s coin is fair.  Assuming that the coin is fair is a specific model that can be tested rather easily.   If the coin is fair, it will come up heads about half of the time and tails about half of the time.  So if you toss the coin 50 times and get 25 heads and 25 tails, there is nothing suspicious.  

Of course chance enters into many things, especially coin tosses.  Random variation is another expression describing chance.  The real world coin won’t usually exactly obey its theoretical model.  What if Toshiko’s coin came up with 26 heads and 24 tails? You probably wouldn’t think twice about that.  But what if the coin came up with 40 heads and 10 tails?  That might seem like enough evidence to decide that the coin is biased in favor of heads.  We’ll see.

The Chi-Square statistic is a special measure of the departure of real-world results from the model that is being tested.  If the Chi-Square statistic is big enough, the real-world outcome differs from the model enough to discredit the model.
Chi-Square statistics can often be used if you have simple count data.  In order to fully understand Chi-Square you need to take a Statistics course.  But we will pursue Chi-Square lite.  The hypothesis (model being tested) is that The Coin is Fair.
	
	observed
	expected

	heads
	40
	25

	tails
	10
	25


We have observed 40 heads and 10 tails, yet if our hypothesis is correct, we theoretically expected 25 heads and 25 tails.
To calculate the Chi-Square statistic, find the sum of the
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  for each category.

If the observed and the expected are close to each other, the sum of these fractions will be small, suggesting that the theory under question may be correct.  That is, the observed are close to what would be expected if the theory is true.

If the observed counts are far from the expected counts, the Chi-Square fractions will be large.  If Chi-Square sum is large enough, the observed are different enough from the expected to discredit the theory being tested.  If the observed are far enough from the expected, the theory that produced the expected counts has been discredited. 

Calculating the Chi-Squared statistic for the “The Coin is Fair” model being tested. 
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There are tables of known Chi-Square values that must be exceeded to reject the model being tested.  The statistician doing Chi-Square experiments has a table of these cutoff values, which are called critical values.    For our example, if the Chi-Squared sum is >3.84 (the appropriate critical value), the observed are far enough from those expected under the model to discredit the model.

Since the Chi-Squared statistic of 18 is way more than 3.84, the model being tested has been discredited, or rejected.  We have rejected the idea that the coin is fair.  We conclude that the coin is biased in favor of heads.


1.  If the coin was tossed 50 times and came up heads 30 times and tails 20 times, could we statistically reject the hypothesis that the coin was fair?  Determine the chi-square statistic and see if it is greater than 3.84.

2.  If the coin was tossed 100 times and came up heads 60 times and tails 40 times, calculate the chi-square statistic.  Would we have enough evidence to decide that the coin is biased in favor of heads?


3.  If the coin was tossed 100 times and came up heads 55 times and tails 45 times, calculate the chi-square statistic.  Would we have enough evidence to decide that the coin is biased in favor of heads?


4.  If the coin was tossed 500 times and came up heads 260 times, calculate the chi-square statistic.  Would we have  enough evidence to decide that the coin is biased in favor of heads?


5.  If the coin was tossed 500 times and came up heads 300 times, calculate the chi-square statistic.  Would we have enough evidence to decide that the coin is biased in favor of heads?


6.  If the coin was tossed 500 times, what is the least number of heads that would allow us to conclude the coin is biased in favor of heads using chi-square.  Guess and check.
2.  Blue Birds and Green Birds

Chi-Square statistics often come in handy in biology, especially in genetics.
http://ourworld.compuserve.com/homepages/clivehesford/chisqu.html
“Let’s suppose that in our breeding program we paired a Blue bird to a Normal Green/blue. Our genetic knowledge, such as it might be, led us to expect roughly equal numbers of Greens and Blues amongst the young birds produced. In the event the happy pair produced a total of 17 young over quite a productive season; of which 12 are Green and 5 are Blue. That’s not very close to what we expected, and who can blame us for being a bit doubtful about genetic theorising.”

The biological outcomes of breeding are being used to test a breeding hypothesis.  Perhaps departures from those expected might simply be attributable to chance.  Chi-Square is used extensively in plant cross-breeding model experiments.

These researchers expected to produce equal numbers of greens and blues if the breeding were continued, but in this small sample they got 12 greens and 5 blues.  Might this sample outcome simply be due to chance or is it a departure from the population model extreme enough to discredit the model? The model being tested was “Equal Number of Blue and Green Offspring”
3.  Copy and fill-in the table and calculate the Chi-Squared statistic. Determine the “expected” greens and blues from 17 birds using the model of equal greens and blues expected.   Don’t worry, the theoretical expected counts can be decimals although the observed counts can’t be!

	
	 Greens
	Blues

	Expected
	
	

	Observed
	
	


7.   Calculate the Chi-Squared statistic for this example. 

8.  Were the differences between the observed and the expected great enough in this small sample to reject the model of equal greens and blues?

9.  So according to Chi-Square statistics, could 12 greens and 5 blues just be a chance variation from a correct model of equal greens and blues? 

What if the outcome had been 15 greens and 5 blues?  Would those results have discredited the model of equal greens and equal blues?

10.  Copy and complete table and calculate a new Chi-Squared statistic. 

	
	 Greens
	Blues

	Expected
	
	

	Observed
	15
	5


11.  Can you reject the model of equal numbers of greens and blues based on your sample results?

12.   If you can reject equal greens and blues, then your sample results allow you to conclude that more of which color will be forthcoming?  (Hint:  Which color had more observed than expecteds?)
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